Subject to s uitable co nditions of co ntinuity and nor ma liz ation , it is s ho wn that th e e qu ati on/(x , y) +
The obje ct of this note is to prove Lemma 1. The motivation is give n in Lomont and Moses;! I am grateful to Professor Lomont for bringin g this problem to my notice.
LEMMA 1: Suppose that f:R X R ~ R is continuous and satisfies f(x, y)+f(x+y, z)=f(y, z)+f(x, y+z)
for all x, y, z, in R. Then there exists an unique continuo us function g: R ~ R such that g(O) = g(1) and f(x, y) = g(x) + g(y) -g(x + y) for all x, y, in R.
Without loss of ge ne rality we may assu me f(
We use (a, b, c) to de note the appli cation of (1) with x=a, y=b, z =c. The n
We now prove
F (x, y) =F(x, x+y) .
For nonnegative N in Z le t peN) be the proposition:
Th e n P(O). Assume P(k -1) for a given k ;?: 1. The n for Inl ~ k -1 we have by (3) that (2); replacing x by -x completes the proof of P(k). Hence peN) for all N by induction.
Thus F (x, y) = 0 whenever x : y is rational, and in particular when x and yare both rational.
So F is continuous on R X R and zero on a subset dense in R X R, and hence identically zero. This proves Lemma 2.
The construction of g(x).
Denote by SN the set of all rational points a/2 N , with a in Z and N nonnegative in Z. Then 
N~O
We define a function g : 5 ~ R inductively as follows.
(4)
LEMMA 3: We have One of the four equal terms has both arguments in Sk-1, and is zero by hypothesis. Thus we have shown that F (y, z) = 0 for all y, z, in Sk. Lemma 3 now follows by induction.
(x) -g(y) + g(x+ y), so that F (x, y) = F (y, x). Then by
LEMMA 4: Given A > 0, E > 0, there exists 0> 0 such that for all x, y, in 5 with Ix -yl < 0 and
If(x, x)I=L, and hence L=O and g(x)~O as x~O in S. Now choose 01 >0
x->O such that Ig(z) I < E/2 for Izl < 01, and 02 > 0 sllch that I/(x , z) I < E/2 for Izl < 02 and all x satisfying Ixl ~ A, Iz+ xl ~ A; the latter choice is possible by the uniform continuity off in a bounded region R X R. Then with x, z=y-x, for x, y, in Lemma 3 we have for Ix-yl < o=min (Oi, 82 ) as desired.
Extension of g(x) to R.
Given any x in R, choose Xn in 5 such that Xn ~ x as n ~ 00, possible since S is dense in R.
As in the definition of real numbers using Cauchy sequences, Lemma 4 shows that lim g(Xn) exists, n--'>CO and is independent of the choice of x n , and we define g(x) as this limit: g(x) is also clearly continuous.
R X R, and by Lemma 3 F is zero on 5 X 5 dense in R X R; hence F is identically zero. This proves the existence in Lemma l.
The uniqueness of g(x) is equivalent to the proposition:
and g(x + y) = g(x) + g(y) for all x,y, in R, then g(x) == O.
This follows by a routine repetition of the technique above, since starting with x = 0 and x = 1, the operations x ~ x/2 and x,y~ x -y generate 5, a subset dense in R, while g(x/2) = g(x)/2
andg(x-y) =g(x) -g(y).
Finally if g(O) =g(l) is not specified in Lemma 1, we may add ax to g(x), for any real con· stant a.
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